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This paper presents a contribution to the study of control law structures and to the selec-
tion of relevant sensory information for humanoid robots in situations where dynamic

balance is jeopardized. In the example considered, the system first experiences a large
disturbance, and then by an appropriate control action resumes a “normal” posture of
standing on one leg. In order to examine the control laws used by humans, an experiment
was performed in which a human subject was subjected to perturbations and the ensu-
ing reactions were recorded to obtain complete information about the subject’s motion
and ground reaction force. Then, a humanoid model was advanced with characteristics
matching those of the experimental human subject. The whole experiment was simulated
so as to achieve a simulated motion that was similar to that of the human test subject.
The analysis of the control laws applied, and the behavior of selected ground reference
points (ZMP, CMP and CM projection on the ground surface), provided valuable insight
into balance strategies that humanoid robots might employ to better mimic the kinetics
and kinematics of humans compensating for balance disturbances.

Keywords: Humanoid robot; dynamic balance; posture; large and small disturbances;
balance control.

1. Introduction

Although the problem of bipedal robotic gait has been in the focus of researchers for
almost 40 years, not all aspects of the gait synthesis and control have been satisfac-
torily addressed. Although the last several decades have seen fascinating develop-
ments in the field of legged machine locomotion, no biologically realistic movement
patterns have yet been offered. In the course of any activity related to humanoid
locomotion, the preservation of dynamic balancea is of primary importance.1

Maintenance of humanoid dynamic balance is a task that is constantly present
during motion, since disturbances are present. The majority of disturbances belong
to the class of small disturbances,2 which are readily compensated for during the gait
realization. However, disturbances of higher intensity require a special compensating
action during which, for the sake of preserving dynamic balance, the gait realization
can be modified or even temporarily postponed. Once the effective compensatory
action prevents a fall, motion is typically resumed. Now, several questions arise: How
might an appropriate compensatory action be selected in real time? What sensory
information is required? On what basis should a control action be taken, bearing in
mind that there might be a number of options? These are the questions to which
the field has no definitive answers. Our analyses and explanations are typically
focused upon one aspect of the problem, losing sight of the overall complexity
of the phenomenon and the need for an all-embracing consideration of the diverse
circumstances that influence the solution. In such a situation, the reaction of humans
is most often of the reflex type, and is performed quickly, which gives an impression
that the compensating action has not been studiously “selected”. In considering
this issue one should not neglect the fact that each individual learns, practices
and perfects bipedal locomotion (in all its aspects and varieties) for a long time

aThe term “dynamically balanced” is used to refer to the condition where at least one humanoid
foot, or terminal link, is flat on the ground and immobile while standih of walking.
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(practically from birth), and under real conditions. During that time, a relatively
large number of different control approaches have been tried, and many mistakes
have been made before arriving at an effective and acceptable solution. One of the
approaches by which we can try to penetrate deeper into the complexity of selecting
(or forming) the compensating actions is to record how a human reacts to a certain
type of disturbance, and repeat such a reaction by simulation to gain insight into
the structure and parameters of the applied control laws, on the basis of which we
may attempt to get a somewhat clearer picture of the criteria for selecting the type
of compensatory control action to be performed.

In the literature one can find some works dealing with particular aspects of
gait and the role of some fine motions. The authors of Refs. 3 and 4 observe small
moments about the body’s center of mass (CM) and a small spin angular momen-
tum. In Ref. 3, the role of arms in walking is studied, and in Refs. 5 and 6, stance
knee flexion. Although the maintenance of dynamic balance in the presence of dis-
turbances is a very intriguing issue, few papers directly address the problem. In
Ref. 2, according to their character, disturbances are classified as small and large,
and in Ref. 7, disturbances are compensated for by controlling limb impedance,
whereas in Ref. 8, the authors advocate restating the control problem using a lower-
dimensional representation.

A main characteristic of a human’s compensating movements is that they are
most often realized by a simultaneous and very complex coordinated action of a
number of joints. Such a coordinated, experience-based and precisely defined action
of several joints we call a synergy. The way in which the synergetic action is per-
formed, and how the motion might be redistributed per particular joints, are not
yet known, and neither is the way in which a human decides which of the previously
learnt (i.e. prepared in advance) synergies are to be applied. This problem has been
tackled in Ref. 2, although it is very difficult to be sure that a control law applied to
a humanoid is fully in agreement with the control law used by humans. Verification
is mainly conducted according to the degree of similarity between the behaviors of
a humanoid and those of a human individual in a given situation. The degree of
similarity between humanoids and people is a key aspect of anthropomorphism.9

The way humans cope with disturbances is clearly a learnt set of behaviors, and
what has been learnt is constantly subjected to testing and verification through
everyday practice. Hence, how humans maintain dynamic balance, how the com-
pensatory actions are distributed across particular joints, what indicators are used
and how they are employed — all these issues are essential. In order to examine
in detail the way of selecting compensatory actions as well as biomimetic control
structures for overcoming disturbances, we designed a simple experiment involving
a human subject standing on his left leg and leaning against a “wall” that was sud-
denly moved away. Because of the loss of support and the risk of a fall, the subject
performed an energetic action to preserve dynamic balance. In addition to the posi-
tions (relative and absolute) of the subject’s links, the intensity and position of the
ground reaction force applied to his foot were measured. Then, a model was formed
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of a humanoid with characteristics matching those of the experimental human sub-
ject. By analyzing the control laws that ensured that the humanoid’s behaviors
were close to those of the human subject, a deeper insight was obtained into the
biologically inspired control schemes necessary for overcoming the disturbances act-
ing on the humanoid. We attempted to identify the indicators on the basis of which
it would be possible to choose and then to realize the appropriate compensatory
control actions. The zero-moment point (ZMP) represents the indicator of dynamic
balance for small disturbances, while the distance between the centroidal moment
pivot (CMP) and the ZMP represents the existence of a nonzero horizontal moment
acting about the humanoid’s CM. In this investigation we consider the roles of the
ZMP and CMP ground reference points when a large disturbance is applied to a
human while he is standing.

2. Indicators of Foot Dynamic Balance and of Motion
Anthropomorphism — Basic Ground Reference Points

2.1. ZMP

When walking, a humanoid robot must maintain control over its CM (position,
velocity and acceleration) in the presence of gravity, and possible force disturbances.
It must move its CM to avoid obstacles, move its feet to take steps, and move its
hands to manipulate objects. Hence the motion required is determined, to a large
extent, by the environment in which the robot operates. We call the coordinated
movement of the robot in terms of its workspace coordinates (movement of its CM,
hands, feet) the external synergy.1 Further, we call the coordinated movement of the
robot in terms of its joint coordinates the internal synergy.1 In order to determine
the internal synergy that will produce the desired external synergy, it is necessary
to establish a relationship between these two coordinate spaces. A special aspect
of this problem for bipedal walking robots, which does not occur in the case of
fixed-base manipulators, is the fact that all joints of the bipedal robot are powered
and directly controllable except for the “joint” that represents contact with the
ground. This lack of control at the ground contact interface makes a walking robot
underactuated. Hence, a bipedal robot may fall due to an external disturbance, or
due to an incorrect action of the robot itself.

One critical strategy for preventing a humanoid from falling is to take control
actions at the actuated joints that ensure a desired contact of the foot with the
ground. In the lateral direction, this often means ensuring that the foot does not
roll on an edge (to avoid twisting the ankle). In the forward direction, while the
humanoid is standing, this means that the foot should be flat on the ground. In
the forward direction, while the humanoid is walking in the single support phase,
this means that the foot is flat on the ground during the first portion of the stance
phase, and that the ball of the foot is flat on the ground (but the heel is off the
ground) during the subsequent portion of the stance phase. Such ground contact
requirements act to constrain the relationship between the internal and external
synergies.
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The ZMP was introduced by Vukobratović together with his closest
associates.10–15 The first application of the ZMP was made by Japanese scien-
tists in the middle of the 1970s, guided by the father of robotics in Japan, the
late professor Kato. If we consider regular walking,1 in practice the ZMP indicates
whether a robot foot, or the foot’s terminal link, is immobile and in full contact
with the ground surface during the single support phase. The ZMP can be defined
in several ways. Consider a Cartesian frame with the x- and y-axes being tangential
to the flat ground and the z-axis being normal. During the single support phase of
walking there is always a unique point for which ΣMx = 0 and ΣMy = 0, where M

is the moment about an axis generated by the ground reaction forces — because
these forces can only push and not pull the foot or terminal link. The point inside
the support area (excluding its edges) for which this relation holds is called the
ZMP. Therefore the ZMP, if it exists, represents the point of resulting reaction
forces at the contact surface between the extremity and the ground, indicating that
the foot or terminal link is not rotating about its edge. Alternatively, instead of a
summation of ground reaction forces, one may sum the forces applied by the robot
against the ground surface. The ZMP can then be thought of as that point inside
the support area at which the net moment due to gravitation and all inertial forces
induced by the mechanism’s motion (and additional external forces if they exist)
has no component along the horizontal axes. The ZMP as a function of the CM
position, net CM force (F = M · aCM), and net moment about the CM can be
expressed as

xZMP = xCM − Fx

Fz + Mg
zCM − My(rCM)

Fz + Mg
,

yZMP = yCM − Fy

Fz + Mg
zCM +

Mx(rCM)
Fz + Mg

,

(1)

where M is body mass, Mx(rCM) and My(rCM) are components of the moment
about the CM and g is the gravitational constant. Equation (1) defines the ZMP
location on the ground within the support area in either the single or the dou-
ble support phase.b During the single support phase, a ZMP location within the
support area indicates that the robot’s stance foot is immobile and in full contact
with the ground. However, in the double support phase, the ZMP cannot identify
whether one foot has rotated about its edge. Since such an event is rather impor-
tant to detect, one should separately consider each foot and its contact with the
ground. Accordingly, one must consider two center-of-pressure points, CoPleft and
CoPright, where vertical ground reactions FGRleft and FGRright act on the left and
the right foot, respectively. The CoP, measured independently on each humanoid

bBy definition, in the double support phase there are two feet in contact with the ground, and
accordingly there are two ground reaction forces acting, one force for each foot. However, those two
forces can be summed and replaced by a single resultant force. The point at which this resultant
force pierces the ground surface is the ZMP. It should be noted that in the double support and
single support phases, there exists only one ZMP.
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foot, indicates whether at least one robot foot, or the foot’s terminal link, is immo-
bile and in full contact with the ground surface in double support. In summary, dur-
ing the single support phase, the ZMP can be used to indicate whether the robot’s
stance foot, or terminal link, is immobile and in full contact with the ground, but in
the double support phase one may consider three ground reference points, namely
CoPleft, CoPright, and the ZMP. The third point, ZMP, can be derived from the two
CoP points (left and right) and the corresponding intensities of ground reactions
(FGRleft and FGRright).c

Consider first a humanoid in a single support standing posture having a one-
link foot. The sole of the supporting leg is in static contact with the ground over
its entire area. In this case, the ZMP is inside the support area, and the foot
remains flat on the ground. We use the term “dynamically balanced” to refer to
this condition when the foot, or terminal link, is flat on the ground and immobile.
Dynamic balance is achieved when the foot is not slipping and the ZMP is inside the
support area (excluding its edges). Having in mind that during the single support
phase of walking, the real-time ZMP position can be easily acquired by pressure or
force sensors located at or near the sole, it is clear that, as an indicator of dynamic
balance of a humanoid in the presence of disturbances, use of ZMP feedback is
indispensable and sufficient.d

Significant disturbances can result in situations where the humanoid can-
not maintain a desired foot–ground interaction. Suppose that a disturbance has
occurred, and the foot begins undesirably to roll (one side of the sole begins sep-
arating from the ground). This is typically an undesirable condition, particularly
if the roll is in the lateral direction. That is to say, the uncontrolled rolling may
contribute in an undesirable way to the humanoid’s external synergy. If foot roll
occurs, the ZMP moves to the edge of the foot. In this situation, the ZMP no longer
exists and the humanoid is in a state of “dynamic imbalance”.

Note that these considerations are valid for a two-link foot, as well as a one-link
foot. A two-link foot, with a joint at the ball of the foot before the toes, is often
useful for more accurately modeling human walking. During the heel-off phase of
the walking cycle, the heel comes off the ground, and the back link of the foot has
“rolled” about the joint at the ball of the foot. However, the front link (representing
the toes and area forward of the joint at the ball of the foot), in the case of a
dynamically balanced system, remains immobile and flat on the ground until the
moment of toe-off, when the foot begins stepping. If disturbances are applied to such
a system, the ZMP can be used to indicate whether a system remains dynamically
balanced or, in this case, whether the forefoot remains immobile and flat on the
ground surface.

cThe ZMP is an overall indicator of dynamic balance while the CoP points provide critical infor-
mation as to whether a particular foot is immobile and in full contact with the walking surface.
dThis assumes, of course, that the stance foot does not slide on the ground surface, such as might
occur if a humanoid steps onto a patch of ice.
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(a) (b) (c)

Fig. 1. Illustration of the notion of foot or terminal link dynamic balance.

Consider the four-link physical inverted pendulum, supported on the ground by
its bottom link (Fig. 1). The joints of the pendulum, J1, J2 and J3, are powered.
If links L2, L3 and L4 move such that link L1 remains immobile with respect to
the ground (Fig. 1(a)), then we say that the foot or terminal link is dynamically
balanced. However, if the motion of L2, L3 and L4 causes L1 to move and to lose
contact with the ground (heel contact, as shown in Fig. 1(b)), then we say that the
humanoid is not dynamically balanced. Further, let us assume the link L1 consists
of two links, link L1A and link L1B, connected via the joint J0 (Fig. 1(c)). In the
examples shown in Figs. 1(a) and 1(b), the joint J0 is locked, so that links L1A and
L1B behave as a single solid body. If we assume that the joint J0 is also active, the
terminal link will be dynamically balanced only if link L1A remains immobile with
respect to the ground, as presented in Fig. 1(c). In this case, link L1B may move
like any other link (L2, L3 or L4), and need not be in contact with the ground.

In the double support phase of the gait, both feet are in contact with the support
ground surface. In this case, a humanoid is dynamically balanced if at least one
robot foot, or the foot’s terminal link, is immobile and in full contact with the
ground surface. Thus, for a humanoid to be dynamically balanced while in the
double support phase, the CoP location of at least one foot has to be within its
foot support region. This implies that the ZMP is inside the overall support area.
If it happens that the CoP point reaches a foot’s edge, then a moment that tends
to overturn the foot or terminal link is generated.1,14–16 If one foot rotates, the
walker is still dynamically balanced if the other foot or terminal link remains flat
on the ground. However, even if both feet start to turn about their edges, resulting
in a system that is dynamically unbalanced, the robot will not necessarily fall down.
Namely, after some time of imbalance one or both feet may restore their full contact
and thus dynamic balance may be restored.
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As an example, consider a walker with a one-link foot. Sometimes, during the
single support phase, such a walker may give up dynamic balance before the heel
strike of the leading foot. Although the trailing foot rotates about its toe edge, the
robot does not collapse and fall because of the eventual heel strike of the leading
foot. Such a temporary period of imbalance is acceptable. An extreme example is
a bipedal robot with point feet or curved feet. Such a robot is always in a state of
dynamic imbalance, and the ZMP does not exist. For such cases, foot placement
and the control of whole-body angular momentum are the only strategies that the
robot can exploit to maintain successful walking in the presence of disturbances.
In the next section, we discuss whole-body angular momentum control to improve
disturbance rejection in humanoid walking.

2.2. CMP

The CMP,4,17–22 ground reference point is defined as follows. The CMP location,
rCMP, is defined as the point where a line parallel to the ground reaction force,
passing through the whole-body CM, intersects with the ground surface. This con-
dition can be expressed mathematically by requiring that the cross product of the
CMP-CM position vector and the ground reaction force vector vanish, or

[(rCMP − rCM) × F ]hor = 0. (2)

By expanding this cross product, the CMP location can be written in terms of
the CM location and the ground reaction force, or

xCMP = xCM − FX

FZ
zCM and yCMP = yCM − FY

FZ
zCM. (3)

Since the CMP point is a ground reference point, zCMP = 0 at all times. Here
the coordinate frame is oriented by the right hand rule with the z-axis directed
vertically from the ground surface, the y-axis pointing in the direction of the walking
motion (anterior–posterior direction), and the x-axis pointing to the right of the
humanoid (medial–lateral direction). When the CMP departs from the ZMP, there
exist nonzero horizontal CM moments, causing variations in whole-body angular
momentum. While the ZMP cannot leave the ground support base,e the CMP can —
but only when horizontal moments act about the CM.

Horizontal ground reaction forces can be separated into zero-moment and
moment components.19 The horizontal component (hor) of the total moment about
the CM (TCM|hor) may be expressed as

TCM|hor = [(rZMP − rCM) × F ]hor =
dL

dt

∣∣∣∣
hor

, or (4a)

eWhen in single support, the support base is the outline of the part of the stance foot that is
actually in contact with the ground. When in double support, where both feet are on the ground,
the support base is the smallest convex shape that includes all points where both feet are in contact
with the ground.
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Fig. 2. The CMP and the relation between the ZMP and the CMP. TCM|hor = τ(rCM)|hor is the
horizontal component of the total moment about the CM.

Tx = [(yZMP − yCM) · Fz + zCMFy] =
dLx

dt
, (4b)

Ty = [(−zCM) · Fx − (xZMP − xCM)Fz ] =
dLy

dt
, (4c)

where F is the ground reaction force and rZMP is the ZMP location on the ground
surface. Equation (4) can be solved for the horizontal ground reaction forces, or

Fx =
{

FZ

zCM
(xCM − xZMP)

}
︸ ︷︷ ︸

F zero-moment
x

+
{
− Ty

zCM

}
︸ ︷︷ ︸

Fmoment
x

, (5)

Fy =
{

FZ

zCM
(yCM − yZMP)

}
︸ ︷︷ ︸

F zero-moment
y

+
{

Tx

zCM

}
︸ ︷︷ ︸
Fmoment

y

, (6)

where Tx and Ty are the CM moments in the mediolateral (x) and anterior–posterior
(y)-directions, respectively. We call the control strategy that uses the zero-moment
force component to exert a horizontal CM force, a zero-moment strategy, and the
control strategy that uses the moment force component, a moment strategy.19 The
moment forces of Eqs. (5) and (6) can be written in terms of the ZMP and CMP
ground reference points, or

Fmoment
x = −Fz

xZMP − xCMP

zCM
, (7)

Fmoment
y = Fz

yZMP − yCMP

zCM
. (8)

As highlighted by Eqs. (7) and (8), the moment restoring force can be controlled
by modulating the separation distance between the ZMP and the CMP.
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Zero CM moment (ZMP = CMP) is not a general feature across all human
movement tasks. For some movement patterns, humans purposefully generate angu-
lar momentum to enhance stability and maneuverability.21–23 By actively rotating
body segments (arms, torso, legs), CM moments can be generated which cause
horizontal moment forces to act on the CM, as defined by Eqs. (4) and (5). This
strategy allows humans to perform movement tasks that would not otherwise be
possible. For example, while balancing on one leg, humans are capable of reposi-
tioning the CM just above the stance foot from an initial body state where the
CM velocity is zero, and the ground CM projection is outside the foot support
envelope.f ,22 Such a stability feature cannot be achieved using a bipedal control
scheme that simply applies a zero-moment, inverted pendulum control. Clearly, if
the ground CM projection falls outside the support envelope and the CM veloc-
ity is zero, the zero-moment force does not act to restore the CM position, but
rather continually accelerates the CM away from the stance foot. This fact can
be easily verified by reviewing the zero-moment force component from Eq. (5), or
F zero-moment

x = Fz · (xCM − xZMP)/zCM.
Imagine the case where a person is trying to balance on his right leg, and a

laterally directed force disturbance causes xCM to move beyond the foot envelope
in a lateral, positive direction. Since xZMP cannot extend beyond the foot’s lateral
edge, xCM − xZMP is positive, making the CM zero-moment force positive, and
causing the CM to move farther from the stance foot. The only way a person can
successfully balance on one leg from these initial conditions is to actively gener-
ate angular momentum. By rotating the arms, trunk, head and swing leg, a CM
moment in the positive y-direction can be generated, causing a negative moment
force, Fmoment

x = −Ty/zCM, that can restore the CM to a position directly over the
stance foot. This behavior can be observed in tightrope walking. Here body seg-
ments are accelerated to generate angular momentum about the CM and to create
a moment force that restores the CM position over the stance foot.

Recently, a moment-exploiting control (MEC) approach for humanoid robots
was developed that exploits both moment and zero-moment strategies to effectively
modulate the horizontal force on the robot’s CM so as to redirect the CM toward
a desirable state.22–24

3. Description of Mechanical Structures of the Mechanisms

In this section we describe the kinematic schemes of the robot’s mechanical structure
employed in the present work (Fig. 3). The basis for deriving the mechanism’s
mathematical model is the software for forming the dynamic model of a branched
(open or closed) kinematic chain whose links are interconnected with joints having
only one degree of freedom (DOF).

fThe support envelope is the support base when the foot is flat on the ground during single support,
or when both feet are flat on the ground during double support.
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Fig. 3. Schematic of the robot’s basic mechanical configuration having 62 DOFs.
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The mechanism is supported on the left leg. The first kinematic chain represents
the legs (links 1–27), the second chain extends from the pelvis and comprises the
trunk and the right arm (links 61, 28, 29, 62, 30–42), the third chain (links 43–54)
forms the left shoulder and arm, and the fourth chain (links 55–60) forms the neck
and head (Fig. 3).

The multi-DOF joints were modeled as a set of ”fictitious” links (massless links
of zero length) interconnected with the joints having one DOF. For example, the
hip joints, which are in reality spherical joints with three DOFs, are modeled as
sets of three one-DOF joints whose axes are mutually orthogonal. Thus, the left
hip is modeled by the set of simple joints 13, 14 and 15 (with the unit rotation
axis vectors e13, e14 and e15), and the right hip by the set of joints 16, 17 and 18
(the unit vectors e16, e17 and e18). The links connecting these joints (for the left hip
links 13 and 14, and for the right hip links 16 and 17) were needed only to satisfy
the mathematical formalism of modeling a kinematic chain. The other links (those
that are not part of the joints with more DOFs) whose characteristics correspond
to the links of an average human body (link 9 corresponds to the shank, link 12
to the thigh, etc.) are presented in Fig. 3 by solid lines. In the same figure, the
above-mentioned “fictitious” links are represented by dashed lines.

Of special importance is the way of modeling the foot–ground contact in order
to determine the exact position of the ZMP during the motion and observe the
moment when the mechanism is out of dynamic balance. The loss of dynamic
balance means that the mechanism collapses by rotating about one of the edges
of the supporting foot, and this situation, obviously, has to be prevented. The
contact of the mechanism with the ground is modeled by two rotational joints,
determined with the unit vectors e1 and e2 (Fig. 3), which are mutually perpendic-
ular. At the ZMP for a dynamically balanced motion, it is constantly ensured that
My = 0((Mx⊥My) ∧ (Mx, My ∈ XoY )). It should be especially emphasized that
the mechanism feet were modeled as the two-link ones. In Fig. 3, the anterior part
of the left foot (toes) is presented by link 3, and its main part (foot body) by link 6.
The toes of the right foot are presented by link 27 and the foot body by link 24.

The mechanism’s dynamic parameters were determined so as to be as close as
possible to those of the human experimental subject. The feet and hands were
modeled as rectangular boxes. The shanks, thighs, forearms and upper arms were
modeled as truncated cones. The pelvis–abdomen link and the thoracic link
were modeled as elliptical slabs. The neck was modeled as a cylinder and the head
was modeled as a sphere. Based on the links’ dimensions, the links’ masses and
densities and CM positions were modeled to closely match the experimental values.

4. Experiment

Three healthy adults volunteered for the study. For this pilot investigation, each
participant was asked to stand on his left foot, and lean to his left until his shoulder
touched a support. The support was a flat force sensor, and the participant was
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asked to lean until this sensor measured approximately 20 N of force. This level of
force corresponded to a leaning posture where the CM projection on the ground
surface fell outside the stance foot envelope. The support was then suddenly pulled
away and motion recorded. For each study participant, a total of ten trials were
collected.g

5. Data Acquisition

Kinetic and kinematic data were collected at the Holodeck Gait Laboratory of the
Computer Science and Artificial Intelligence Lab at MIT, in a study approved by
the MIT Committee on the Use of Humans as Experimental Subjects.

The data collection procedures were based on standard techniques. An infrared
camera system (VICON 512) was used to measure the three-dimensional locations
of reflective markers at 120 frames per second. A total of 33 markers were placed
on various parts of a participant’s body: 16 lower body markers, 5 trunk markers, 8
upper limb markers and 4 head markers. The VICON 512 system was able to detect
marker positions with a precision of ∼1 mm. Ground reaction forces were measured
synchronously with the kinematic data at a sampling rate of 120 Hz using a force
platform (Advanced Mechanical Technology Inc., Watertown, Massachusetts). The
platform’s ground reaction force and ZMP location were measured at a precision of
∼ 0.1N and ∼ 2mm, respectively.

The whole-body CM position was computed from the kinematic data. The ZMP
and the ground reaction force intensity were obtained from the force plate.

6. Simulation

The initial posture (in which the humanoid is leaning by the left shoulder against
the “wall”), and as the final (“normal”) posture of free standing on one leg are taken
from the experiment. The simulation starts from the moment when the humanoid
loses support at the left shoulder. The system detects the endangerment of dynamic
balance and attempts to preserve it. If the humanoid succeeds, it should return to
the usual position of free standing on one leg without making contact with the
environment except, naturally, via the supporting leg. The humanoid’s behavior in
the course of simulation is solely a consequence of the control employed.

The compensating action can be split into the following three phases:

• Phase 1. Here, the primary aim is to preserve dynamic balance, i.e. prevent the
fall. This phase begins with the occurrence of the disturbance and ends when
the CM projection comes “significantly” close to the ZMP position, i.e. when it
becomes less than 0.003m.

gFrom 30 recorded movements we selected a “sufficiently average” one to compare with it the
simulation results. From this, we adopted the initial humanoid’s posture from which simulation
begins, and the terminal one to which the system converges in the last phase.
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• Phase 2. This is the “calming down” phase. It lasts until the deviation of the
instantaneous ZMP position becomes less than 0.001m.

• Phase 3. In this phase the system returns to the “normal” position of standing
on the one (left) leg.

Each of these phases has its control priorities and specificities. What is common
to all the above phases is the constant concern of maintaining dynamic balance. This
means that in each phase care is taken to control the actual position of the ZMP,
on the basis of which the most appropriate control strategy is selected. The control
strategy is different in the case where there is a danger that the ZMP is coming
too close to the edge of the support area from that where the ZMP is “heading
for” its reference position. In every phase, the control signal is formed in the same
way: the value of the control signal in the subsequent iteration is obtained by adding
to the control signal from the previous phase a corrective part formed depending on
the phase. Hence, the formula for obtaining the control in the subsequent moment
is of the form

uj(i + 1) = uj(i) + ∆uj , (9)

where the subscript j stands for the ordinal number of the humanoid joint DOF,
i is the ordinal number of the iteration in the simulation (in fact, the subscript
i represents time flow) and ∆uj is the correction added to the control quantity.
The values adopted for the control quantities at each of the joints (j) in the ini-
tial moment uj(i = 0) are those holding for the instant just before the obstacle
removal. As mentioned above, the way of calculating ∆uj is different in each of the
phases.

In the first two phases, there is no target (reference) posture of the humanoid to
which it tends during the motion. The instantaneous posture depends on the initial
position and the control applied. In the third phase, in which the humanoid returns
to the “normal” one-leg standing position, there exists a target (reference) posture
to which the humanoid is tending.

Each of these phases will be discussed in detail in the text to follow. It is under-
standable that compensation can be made in different ways. Our primary aim was
to achieve the compensation performed in a manner similar to that of humans. This
simulation case was named Case 1.

6.1. Phase 1: Case 1

The first phase starts with the appearance of the disturbance (removal of the
“wall”). The moment when the system starts to react to the disturbance (when
the active control action should begin) may be determined in two ways. One is to
detect the decrease in the reaction force at the shoulder and the other is to detect
the increase in the ZMP deviation from its “rest” position, i.e. the position before
the disturbance occurred. This position we will also call the reference position.
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In this study we use the increase in the ZMP deviation in the y-direction with
respect to the reference position (which has been determined in advances and kept
at the same position during the whole simulation). When the ZMP departs “suffi-
ciently” from its reference position (i.e. when the ZMP deviation in the y-direction
becomes larger than 0.001m), the humanoid starts to react to the disturbance,
i.e. starts to compensate for it. The compensation task is assigned to only some
of the DOFs. We assume that ∆uj becomes different from zero at the following
DOFs: 7, 9, 10, 13, 15, 16, 28, 62 and 46. At the other DOFs, a constant control
signal is applied during the whole simulation period, the same as it was at each of
the DOFs in the initial moment of simulation. Compensation is carried out in two
mutually orthogonal planes — sagittal and frontal. The motion in the sagittal plane
is enabled by those joints (DOFs) whose rotational axes are parallel to the x-axis
(the system’s motion left–right), whereas the movements of the links in the frontal
plane are enabled by the joints whose axes of rotation are parallel to the y-axis
(the system’s motion forward–backward). Table 1 gives a summary of the DOFs
with the joints they belong to, as well as the coordinate axis to which the rota-
tion axes of the particular DOFs are parallel. The position of each DOF at the
humanoid joints can also be seen from Fig. 3, showing the robot’s basic mechanical
structure.

By the action of the joints listed in Table 1, the ZMP deviation in the corre-
sponding direction is compensated for. Thus, if the rotation axis of the given DOF
is parallel to the x-axis, the ZMP deviation is compensated for in the y-direction
(in the expression to follow, this deviation is denoted as ∆ZMPy), i.e. if the rota-
tion axis is parallel to the y-axis, the ZMP deviation in the x-direction (denoted as
∆ZMPx) is compensated for. The ZMP deviation is determined as the departure
of the instantaneous ZMP position from its reference position (defined in advance),
projected onto the corresponding axis.

The formula for calculating ∆uj at joints is of the following form:

• for the joints whose axes are parallel to the y-axis,

∆uj = KPj · ∆ZMPx(i) + KIj ·
i∑

k=1

∆ZMPx(k)

+ KDj

∆ZMPx(i) − ∆ZMPx(i − 1)
∆t

; (10)

Table 1. Joints at which compensation is performed.

DOF Joint Rotation Axis DOF Joint Rotation Axis

9 Ankle x-axis 7 Ankle y-axis
15 Hip x-axis 10 Knee y-axis
16 Hip x-axis 13 Hip y-axis
62 Trunk x-axis 28 Trunk y-axis
46 Shoulder x-axis
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Table 2. Feedback gain coefficients per joint (Phase 1 — Case 1).

Coefficient of Coefficient of Coefficient of
the Positional the Integral the Derivative

Gain KP Gain KI Gain KD

Joint and ordinal number
of the DOF — rotation
about the x-axis

Ankle — DOF 9 510 1.5 12
Hip — DOF 15 −2600 −2.6 −26
Hip — DOF 16 −2800 −2.6 −28
Trunk — DOF 62 −2800 −2.8 −28
Shoulder — DOF 46 3300 3.3 33

Joint and ordinal number
of the DOF — rotation
about the y-axis

Ankle — DOF 7 −37 −0.035 −0.35
Knee — DOF 10 −33 −0.033 −0.33
Hip — DOF 13 −37 −0.035 −0.35
Trunk — DOF 28 −800 −0.8 −8

• for the joints whose axes are parallel to the x-axis,

∆uj = KPj · ∆ZMPy(i) + KIj ·
i∑

k=1

∆ZMPy(k)

+ KDj

∆ZMPy(i) − ∆ZMPy(i − 1)
∆t

, (11)

where j denotes the ordinal number of the DOF and i the ordinal number of the
simulation iteration. In Table 2 are given the values of the coefficients KP , KI

and KD for each particular DOF used in (10) and (11).

It is evident from Table 2 that not all feedback gain coefficients that compensate
for the ZMP deviation at the DOFs whose rotation axes are parallel to the x-axis
(joints 9, 15, 16, 62 and 46) are of the same sign. This means that on the basis of
the same ZMP deviation the compensating rotations of the joints 9 and 46 will be
in one direction, and those of the joints 15, 16 and 62 in the opposite direction,
which will be commented later. The feedback gains for the compensation of the
ZMP deviation for the joints whose rotation axes are parallel to the y-axis are of
the same sign.

It was also necessary to provide the capability of bringing down the humanoid’s
body by bending the supporting leg knee. This was performed in a way similar to
what humans do. As can be seen from the stick diagram in Fig. 4, the knee is bent
(the humanoid does not stand upright on the supporting leg). Bearing in mind that
the leg bending at the knee should not cause additional bending of the part of the
humanoid above it, it is necessary to simultaneously ensure the appropriate motion
of both the ankle and the trunk. Because of that, the ∆uj for the joints 7, 10 and
13 is formed by adding to Eq. (9) the term ∆uknee bend

j , so that the formula for
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Fig. 4. Case 1: Stick diagram of the humanoid posture at the end of the first phase and the
beginning of the second phase. The circles show the positions of the markers on the subject’s body
in the experiment. The bottom picture shows the sequence of postures in the process of reaching
the final posture at the end of the first phase.
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calculating the controls at the joints is of the form

uj(i + 1) = uj(i) + ∆uj + ∆ukneebend
j , (12)

where the term ∆uknee bend
j depends on the deviations of the internal coordinates at

the trunk and the hip with respect to the reference posture of the system attained
at the end of the simulation. In other words, the larger the inclination of the trunk
and hip joint with respect to the “normal” posture, as well as the rate of the leg’s
lateral swing, the greater the knee bending to be performed by the mechanism.

The internal coordinates participating in this control are q15, q16, q62, and q̇15.
Their deviations are calculated with respect to qref15, qref16, qref62, and q̇ref15. These
values were taken from the “normal” standing posture, to which the humanoid
converges during the third phase. Hence, we take into account the deviations at the
trunk joint (DOF 62), the supporting leg hip (DOF 15), the hip of the swing leg
(DOF 16) and the deviation rate of the supporting leg hip (DOF 15). The formula
for calculating ∆ukneebend

j is

∆uknee bend
j

= KPq15 · ∆q15(i) + KIq15 ·
i∑

k=1

∆q15(k) + KDq15

∆q15(i) − ∆q15(i − 1)
∆t

+ KPq16 · ∆q16(i) + KIq16 ·
i∑

k=1

∆q16(k) + KDq16
∆q16(i) − ∆q16(i − 1)

∆t

+ KPq62 · ∆q62(i) + KIq62 ·
i∑

k=1

∆q62(k) + KDq62
∆q62(i) − ∆q62(i − 1)

∆t

+ KPq̇15 · ∆q̇j(i). (13)

Table 3 lists the values of the coefficients used in Eq. (13).
As can be seen from the table, the coefficients at the joint 10 (knee) are of the

opposite sign to those at the joints 7 and 13 (ankle and hip) since the changes of
the angles at the hip and ankle in the squat are of the opposite sign to the change
of the angle at the knee.

With the feedback gains selected this way and control laws defined by Eqs. (9)–
(13), the compensating motion of the humanoid in the first phase is very similar to
that of the tested subject, as is evident from Fig. 4. In this figure (considering the
same time instant), the circles represent the positions of the markers on the subject’s
body in the experiment, whereas the stick diagram obtained by simulation is shown
by the solid line. It is evident that the degree of similarity between the simulated

Table 3. Coefficients used in the knee bending realization (Phase 1 — Case 1).

DOF KPq15 KIq15 KDq15 KPq16 KIq16 KDq16 KPq62 KIq62 KDq62 KPq̇15

7 1.62 0.0027 0.108 1.62 0.0027 0.108 2.43 0 0.756 0.1
10 −3.24 −0.0054 −0.216 −3.24 −0.0054 −0.216 −4.86 0 −1.56 −0.2
13 2.295 0.0297 1.08 2.295 0.0297 1.08 1.485 0.0027 0.405 0.1
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and experimentally recorded motions is very high. The ZMP position obtained by
simulation and experiment, projection of the CM of the overall system, and the
CMP position during the simulation are shown in Fig. 7. As this figure is related to
the whole movement, and not only to its first phase, it will be discussed somewhat
later.

A very important contribution to the ground reaction force is the mass of the
overall system. Hence it is natural to expect that the ZMP position is close to the
system’s CM projection on the ground surface. In this case, this was not fulfilled
at the beginning of the experiment, so that it was expected that the compensat-
ing action would bring about their convergence, while the control system had to
constantly “take care” of maintaining dynamic balance.

The first phase terminates when the CM comes “sufficiently” close to the actual
ZMP position, i.e. when the distance between the two points becomes smaller than
0.003m. At this point, the second phase begins.

6.2. Phase 2: Case 1

Since the direct threat of overturning has been eliminated, and there are no other
urgent tasks, in the second phase the humanoid prepares for the third phase of
returning to the initial posture. Hence the actual ZMP approaches its reference
position in order to most effectively realize the third phase. The second phase lasts
until the deviation of the actual ZMP position becomes “sufficiently” small, i.e.
until the deviation of the instantaneous ZMP position from the reference becomes
smaller than 0.001m.

Figure 5 shows the stick diagram of the humanoid position at the end of the
second phase. The control is synthesized in the same way as in the first phase
(formulas (9)–(11)), but with the changed values of the feedback gains per joint.
The values of KP , KI and KD for the second phase are listed in Table 4.

6.3. Phase 3: Case 1

By the end of the second phase, the humanoid has completely resolved the prob-
lem of dynamic balance and, since it is unnatural for it to remain in the position
occurring at the end of the second phase (Fig. 6(a)), it enters the third phase, in
which the system, without disturbance, is to pass from one posture to another and
remain in it. In Fig. 6(a), the posture to be attained is shown by the thin line, and
in Fig. 6(b), the posture attained at the end of simulation is shown. It is clear that
during the whole of the third phase, apart from passing from one posture to the
other, it is necessary to constantly take care of dynamic balance.

Hence, in the third phase, the formula (10) becomes

uj(i + 1) = uj(i) + ∆uj + ∆uloc
j . (14)

In
t. 

J.
 H

um
an

. R
ob

ot
. 2

00
8.

05
:6

39
-6

78
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

A
SS

A
C

H
U

SE
T

T
S 

IN
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

07
/1

0/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.



January 3, 2009 13:0 WSPC/191-IJHR 00160

658 M. Vukobratović et al.

Fig. 5. Case 1: Stick diagram of the humanoid posture at the end of the second phase and the
beginning of the third phase. The circles show the positions of the markers on the subject’s body
in the experiment.

Table 4. Feedback gains per joint (Phase 2 — Case 1).

Coefficient of Coefficient of Coefficient of
the Positional the Integral the Derivative

Gain KP Gain KI Gain KD

Joint and ordinal number
of the DOF — rotation
about the x-axis

Ankle — DOF 9 50 0.05 5
Hip — DOF 15 −200 −0.1 −10
Hip — DOF 16 −200 −0.1 −10
Trunk — DOF 62 −100 −0.1 −6
Shoulder — DOF 46 40 0.3 3

Joint and ordinal number
of the DOF — rotation
about the y-axis

Ankle — DOF 7 −20 −0.012 −1.25
Knee — DOF 10 −10 −0.005 −0.5
Hip — DOF 13 −17 −0.015 −1.5

Trunk — DOF 28 −400 −0.4 −4
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(a) (b)

Fig. 6. (a) Case 1: Stick diagram of the mechanism posture at the beginning of the third phase
(solid line). The thin line shows the mechanism target posture at the end of the third phase, to
which the mechanism is to converge. (b) Mechanism posture at the end of the third phase.

During the third phase, apart from the regulator for maintaining dynamic bal-
ance, use is also made of the local regulators at all DOFs that participated in the
compensating actions in the previous phases.

The component ∆uj is formed in the same way as before (based on the expres-
sions (2) and (3)), and the coefficients are the same as in Table 4. The control
component ∆uloc is applied only at the joints that have been active in the previous
phases, i.e. 7, 9, 10, 13, 15, 16, 28, 62 and 46, and it is formed in the following way:

∆uloc j = KP loc j · ∆qj(i) + KI loc j ·
i∑

k=1

∆qj(k)

+ KD loc j

∆qjx(i) − ∆qjx(i − 1)
∆t

, (15)

where the subscript j denotes the ordinal number of the corresponding DOF,
whereas ∆qj(i) stands for the deviation of the internal angle of the correspond-
ing joint from the reference value in the ith iteration of simulation. The feedback
gains are the same for all the joints, and they are KP locj = 0.1, KI locj = 0.001 and
KD locj = 0.01.

Figure 7 shows the trajectories of the ZMP, CMP and CM during all three
phases. In the initial instant, the CMP and the CM coincided and were located out-
side the support area. It can rightly be said that the applied control has effectively
been “driving” them to the center of the support area.

Let us consider in more detail the mutual relationships between the ZMP, CMP
and CM projection on the ground during the whole experiment. In Fig. 8 are shown
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Fig. 7. Case 1: Positions of the ZMP, CMP and ground projection of the system’s CM and measured
CoP (ZMP)h in all three phases.

the calculated positions of the ZMP, CMP and ground CM projection, as well
as the ZMP position acquired in the experiment with the human subject in four
different time instants: at the beginning and in the middle of the first phase, and
at the beginning of the second and the third phase. At the beginning (Fig. 8(a)),
the CMP and CM projection coincide. This may occur only if the reaction force is
vertical or very close to the vertical. This is obviously so if we bear in mind that the
humanoid was initially immobile, standing on one leg, and that the foot area was
very small. Besides, in the initial moment the CM projection is outside the support
area, which unambiguously speaks of the necessity to apply a compensating action
as soon as the humanoid has lost support.

The compensating action applied drove the CMP and CM closer to the center
of the support area, and their positions in the middle of the first phase are shown
in Fig. 8(b). It is evident that the CMP moved faster. This only means that there
appeared a more significant horizontal component of the reaction force, which is
understandable since the humanoid, while performing the compensating action,
also moves. In the course of the second and third phases, the mutual convergence
of the ZMP, CMP and CM continued, approaching the reference ZMP position.

In the previous example the aim was to synthesize a control that would ensure
the realized compensating movement in a way to be as close as possible to that of

hIn the case of dynamically balanced humanoid posture, the ZMP and the CoP coincide.
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(a) (b)

(c) (d)

Fig. 8. Case 1: Mutual relationships between the ZMP, CMP and CM projection on the ground:
(a) beginning of the first phase, (b) middle of the first phase, (c) beginning of the second phase,
and (d) beginning of the third phase.

the subject recorded in the experiment. However, the expectation that the joints
having parallel axes all behave the same way in the compensation of deviations was
not fulfilled. Namely, some of these joints acted in one direction and some in the
opposite direction. We will illustrate this with the example of the joints 9, 15, 16, 46
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and 62, whose rotation axes are parallel to the x-axis, and all these joints are active
in the compensation for the ZMP deviation in the lateral direction. If we look at
Table 2, we can see that the coefficients KP , KI and KD for the DOFs 9 and 46
have the sign “plus”, and the DOFs 15, 16 and 62 have “minus”. On the basis of
this, one could derive a hasty conclusion that the joints 9 and 46 contribute to the
convergence of the ZMP to its reference position, whereas the actions at the joints
15, 16 and 62 have an opposite effect. In other words, the hip and trunk joints
(15, 16 and 62) “spoil” what the ankle and shoulder joints (DOFs 9 and 46) have
achieved.

In order to shed more light on this problem we carried out several additional
simulations but with the values for KP , KI and KD changed. First, we simulated the
compensating movement using the identical control laws as in the previous case, but
with the signs of all the feedback gains for the joints 15, 16 and 62 made “plus”, so
that they were: for the left hip (DOF 15) KP = +2600, KI = +2, 6 and KD = +26;
for the right hip (DOF 16) KP = +2800, KI = +2, 6 and KD = +28; and for the
trunk (DOF 62) KP = +2800, KI = +2, 8 and KD = +28. Thus, all the joints acted
simultaneously in the same way. We call this Case 2. The results are presented in
Figs. 9– 11. Figure 9 shows the trajectories of the ZMP, CMP and CM-a obtained
by simulation, and of the ZMP positions measured during the experiment; Fig. 10
shows the mechanism’s postures at the beginning of the first, second and third
phases and at the end of the simulation; whereas Fig. 11 shows relative positions

Fig. 9. Case 2: Positions of the ZMP, CMP and ground projection of the system’s CM and measured
CoP (ZMP) in all three phases.
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Fig. 10. Case 2: Stick diagram of the humanoid’s postures at the beginning of the first, second and
third phases. As before, the circles show the positions of the markers on the subject’s body in the
experiment.

of the ZMP, CMP and CM projection on the ground during simulation and the
measured position of the ZMP during the experiment.

It is evident from Figs. 9 and 10 that the trajectories of the ZMP and CMP, as
well as of the projection of the system’s CM on the ground, are more scattered than
in Case 1, which indicates a lowered capability of the fine control of the ZMP and
CMP positions and CM projection on the ground. But the system still preserved
dynamic balance. It can also be seen that there was no swinging aside of the right
leg, but rather crossing of the legs occurred. Such a posture is extremely undesirable
because of the possibility of tripping and falling. In Ref. 2, such postures were called
potentially dangerous configurations, and they are, obviously, inadmissible.

The third case we considered (Case 3) is identical to Case 2 (all the coefficients
have the sign “plus”), but the values of the coefficients KP , KI and KD for the
first and second phases (Tables 5 and 6) are better-adjusted. The coefficients for
the local regulator in the third phase were not changed (they remained identical in
all the three cases).

Simulation results are shown in Figs. 12–14.
It is clear that the process of compensation has been improved compared to the

previous case. Namely, it is visible that the trajectories of the ZMP, CMP and CM
projection “calmed down” (Figs. 12 and 14), and that no “potentially dangerous
configuration” appeared during the first, second or third phase (Fig. 13). The final
posture attained at the end of the simulation is very close to the target one.

Recall that Case 1 represents the simulation by which we succeeded in obtain-
ing a high degree of similarity of the humanoid’s behavior to that of the subject
under the action of disturbances, whereas in the simulations presented in Cases 2
and 3, we attempted to shed some additional light on the fact that some joints may
“counteract each other”.

Finally, we attempt to highlight the problem of the choice of action of particular
joints. In the task of “bringing the ZMP closer” to the reference position were
assigned the task of “moving it away” and vice versa (in Case 1, the coefficients
KP , KI and KD for the DOFs 9 and 46 had the sign “plus”, and for the DOFs
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(a) (b)

(c) (d)

Fig. 11. Case 2: Mutual relationships between the ZMP, CMP and CM projection on the ground:
(a) beginning of the first phase, (b) middle of the first phase, (c) beginning of the second phase,
and (d) beginning of the third phase.

15, 16 and 62 “minus”). In order to get an answer to this question, we inverted the
signs of all the active joints (joints participating in the compensation) of the legs
whose rotation axes are parallel to the x-axis (DOFs 9 15, 16, 46 and 62). Now the
coefficients KP , KI and KD for the DOFs 9 and 46 have the sign “minus”, and the
DOFs 15, 16 and 62 “plus”. The DOFs 9 and 46 still act in the same direction and
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Table 5. Feedback gains per joint (Phase 1 — Case 3).

Coefficient of Coefficient of Coefficient of
the Positional the Integral the Derivative

Gain KP Gain KI Gain KD

Joint and ordinal number
of the DOF — rotation
about the x-axis

Ankle — DOF 9 280 2.8 28
Hip — DOF 15 120 0.12 1.2
Hip — DOF 16 120 0.12 1.2
Trunk — DOF 62 130 0.13 1.3
Shoulder — DOF 46 1 0.01 0.1

Joint and ordinal number
of the DOF — rotation
about the y-axis

Ankle — DOF 7 −17 −0.035 −3.5
Knee — DOF 10 −17 −0.033 −3.3
Hip — DOF 13 −17 −0.035 −3.5
Trunk — DOF 28 −17 −0.35 −3.5

Table 6. Feedback gains per joints (Phase 2 — Case 3).

Coefficient of Coefficient of Coefficient of
the Positional the Integral the Derivative

Gain KP Gain KI Gain KD

Joint and ordinal number
of the DOF — rotation
about the x-axis

Ankle — DOF 9 12 0.01 0.1
Hip — DOF 15 8 0.001 0.1
Hip — DOF 16 8 0.001 0.1
Trunk — DOF 62 11 0.0011 0.11
Shoulder — DOF 46 0.05 0.0005 0.005

Joint and ordinal number
of the DOF — rotation
about the y-axis

Ankle — DOF 7 −10 −0.04 −0.4
Knee — DOF 10 −10 −0.04 −0.4
Hip — DOF 13 −10 −0.04 −0.4
Trunk — DOF 28 −10 −0.04 −0.4

the DOFs 15, 16 and 62 in the opposite direction. However, all the DOFs act in the
opposite direction with respect to those in Case 1. This case was termed Case 4.

The basic observation is that the system has lost dynamic balance. For Case 4,
Fig. 15 shows the trajectories of the ZMP, CMP and CM-a obtained by simulation
and of the ZMP positions measured during the experiment. Figure 16 shows the
stick diagrams of the humanoid’s postures at the beginning of the first, second and
third phases and at the moment when the system lost dynamic balance during the
third phase. It is evident that already in the course of the first phase, a potentially
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Fig. 12. Case 3: Positions of the ZMP, CMP and ground projection of the system’s CM and
measured CoP (ZMP) in all three phases.

Fig. 13. Case 3: Stick diagram of the humanoid’s postures at the beginning of the first, second, and
third phases, respectively. As before, the circles show the positions of the markers on the subject’s
body in the experiment.

dangerous configuration appeared, which was, however, difficult to realize, bearing
in mind the admissible motion at the joints. Also, dynamic balance was not pre-
served. Hence it is quite clear that this case is unsuitable for compensation, and as
such it does not deserve further attention.

Let us focus our attention on Cases 1–3. It should be noted that the biped
locomotion system should always take care to remain in an upright position and
that its constant task is to preserve dynamic balance, which was strictly observed
during the simulation. The overall control strategy of preserving and maintaining
dynamic balance is based on the ZMP. It was assumed that the ZMP position can
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(a) (b)

(c) (d)

Fig. 14. Case 3: Mutual relationships between the ZMP, CMP and CM projection on the ground:
(a) beginning and (b) middle of the first phase, (c) beginning of the second phase, and (d) beginning
of the third phase.

be measured in real time (which is a valid assumption) and this information and
desired ZMP position serve as the basis for definition and realization of the compen-
sating action. This enabled effective counteraction of the large (Phase 1) and small
(Phase 2) disturbances. In each of the three cases considered (Cases 1–3), dynamic

In
t. 

J.
 H

um
an

. R
ob

ot
. 2

00
8.

05
:6

39
-6

78
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

A
SS

A
C

H
U

SE
T

T
S 

IN
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

07
/1

0/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.



January 3, 2009 13:0 WSPC/191-IJHR 00160

668 M. Vukobratović et al.

Fig. 15. Case 4: Positions of the ZMP, CMP and ground projection of the system’s CM and
measured CoP (ZMP) in all three phases.

Fig. 16. Case 4: Stick diagrams of the humanoid’s posture for the beginning of the first, second
and third phases and for the moment when the system lost its dynamic balance during the third
phase, respectively. As before, the circles show the positions of the markers on the subject’s body
in the experiment.

balance was preserved. Besides, we can see that the ZMP is kept close to the center
of the support area and that the CMP (because of the minimization of the moment
tending to rotate the system) very rapidly converges to the ZMP; the CM projec-
tion too tends to the ZMP, since the contribution of the CM to the intensity and
position of the action point of the ground reaction force is very significant.
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Bearing in mind that in all three cases (Cases 1–3) dynamic balance has been
preserved, a question arises as to the evaluation of the quality of the control actions
in each of these cases. The question can be phrased in another way: Why did nature
choose just the compensating movement described in Case 1?

To give a reliable answer to this question we will consider the driving torques
at the joints in each of the mentioned cases.

In Figs. 17–21 are shown the corresponding joint driving torques. The black
solid line shows the torques at the joints for Case 1 (humanoid behavior shown in
Figs. 4–8); the gray dotted line shows the torques for Case 2 (Figs. 9–11); the black
dotted line shows the torques at the joints for Case 3 (Figs. 12–14); and the gray
solid line shows the torques at the joints for Case 4 (Figs. 15 and 16).

It can be seen that the torques’ intensities for almost all joints (Cases 1–3 are
compared) are the smallest for Case 1, which, according to the movement realized,

(a) (b)

Fig. 17. Torques at the ankle for Cases 1–4: (a) DOF 7, (b) DOF 9.

(a) (b)

Fig. 18. Torques at the knee and left hip for Cases 1– 4: (a) DOF 10 — knee; (b) DOF 13 — left
hip.
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(a) (b)

Fig. 19. Torques at the left and right hips for Cases 1–4: (a) DOF 15 — left hip; (b) DOF 16 —
right hip.

(a) (b)

Fig. 20. Torques at the trunk for Cases 1–4: (a) DOF 28 — trunk in the frontal plane; (b) DOF
62 — trunk in the sagittal plane.

is closest to that by which a human compensates for this type and intensity of
disturbances. Only at the right hip (Fig. 19(b)) is the moment intensity significantly
smaller in Case 3 compared to Cases 1 and 2. The reason for this is that Cases 1
and 3 do not represent the same movement. In Case 3, there is no swinging out of
the right leg.

However, in deciding which compensating action is to be applied, several criteria
have to be simultaneously taken into account.

One of the important criteria is certainly the plausibility of the motion with
respect to: (a) the geometric characteristics, i.e. the allowable range of the motion
at each particular joint involved; and (b) the capabilities of the particular joint
actuators to realize the given movement. Here, it is necessary to take into account
the fact that the movement cannot be realized if the motion in at least one joint has
not been performed as planned. Besides, when choosing one of the more possible
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Fig. 21. Torques at the left shoulder (DOF 46) for Cases 1–4.

compensating movements that are realizable, the movement with smaller driving
torques at the joints (especially if the driving torques are not close to the muscles’
limits, i.e. the actuators’ limits) will certainly have priority. In other words, the
movements that are more comfortable in the sense of the efforts are obviously more
desirable.

The other criterion is related to the occurrence of “potentially dangerous
configurations”. Such states of the mechanism are utterly undesirable, because the
unusual motion of the limbs may cause the unplanned humanoid’s collision with
the environment or with itself, leading to the biped overturning despite the cor-
rect functioning of its control system. In order to avoid the potentially dangerous
configurations as much as possible, a human learns to realize the compensating
movements in a certain way, such as by moving the limbs away from the body, to
prevent self-collision.

Let us consider now some of the possible benefits that accrue from the realization
of the compensating movements at the ankle and hip joints in the sagittal plane in
opposite directions (Case 1).

Recall that the ZMP position is influenced by all the forces acting on the
humanoid: gravity forces and forces arising due to motion (for example, inertial
forces). The driving torques at the joints arising from the gravity forces depend only
on the instantaneous positions of the joints (i.e. joint angles), whereas the weights
of the particular links are constant. Therefore, it is clear that the intensities of the
moments due to gravity forces change only because of the change of the position
of the joints (the intensities and directions of the gravity forces are constant) and
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only the change of the joint positions can influence the ZMP position. On the other
hand, the intensities of the forces arising from the motion depend on the character-
istics of the motion of the links, so that the moments of these forces depend on the
instantaneous intensities and directions of the forces and instantaneous positions
of the joints. In order for the forces arising from the motion to influence the ZMP
position in a desired way, it is necessary to simultaneously take care of the influences
of all the changeable quantities, i.e. the directions and intensities of the forces and
the distance from the point for which the moment is calculated. Hence, it is quite
clear that it is much more difficult to control the ZMP position by forces arising
from the motion than by gravity forces. Obviously, to make control of the ZMP
more efficient, it would be useful to diminish the influence of the forces arising from
motion, and thus augment the influence of the gravity forces. This is possible to
achieve via the rotation of two successive joints in opposite directions. This way,
the influence of the forces arising from the motion can be significantly reduced.

Therefore, the first benefit of the compensating movements performed by the
ankle and hip in the sagittal plane in opposite directions accrues from the inertial
effects, which, thanks to the opposite directions of rotation, are partly self-canceled,
and their overall effect is lowered. Hence the contribution of the moments due to
gravity forces becomes more significant.

Besides, due to the motion of the ankle and hip in opposite directions, the
moments arising from gravity forces are also partly canceled, so that the resulting
change of the moments that influence the ZMP position is the difference between
the change of the moments due to the change of the ankle and hip positions. In
other words, to the same change of joint angles corresponds a smaller change of the
resulting moments that influence the change of the ZMP position, allowing thus its
finer adjustment.

The other effect that we want to address is the influence of the Coriolis forces
on the loads at the joints. If the directions of angular velocities at the hip and ankle
joints are opposite (Fig. 22), the direction of Coriolis acceleration is opposite to the
gravity forces, lowering thus the joint loads, which can be considered as a favorable
effect. In the case of the same direction of angular velocities, the load increases.

Taking into account all of the above discussion, it is clear why Case 1 is more
acceptable than Cases 2 and 3.

However, it should be mentioned that the compensation in Case 3 represents
how humans react for such disturbances, but when these disturbances are of smaller
intensity and not too large, driving torques at the joints are required. Then, such
disturbances belong to the class of small disturbances, and examples concerning
these cases can be found in Ref. 2.

7. Conclusion

In this investigation we considered the situation of a study participant leaning
against a support while standing on one leg. When the support was suddenly
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Fig. 22. Direction of the Coriolis force for the opposite directions of angular velocities at the ankle
and hip.

removed, the participant succeeded in moving his whole-body CM from a posi-
tion outside the support envelope to within the support base by rotating his head,
trunk, arms and swing leg to generate angular momentum. Kinetic and kinematic
data were recorded throughout the movement task. In order to gain insight into
the control laws applied, a humanoid model was developed with realistic mass dis-
tribution and degrees of freedom. By applying three different phases to the control
synthesis, the human model was controlled to closely mimic the observed human
movement pattern.

The experimental tests and modeling allowed us to make the following observa-
tions and conclusions. All three ground reference points studied in this investigation
(the CMP, ZMP and CM projection on the ground) are critical determinants of
CM horizontal force. For the zero moment force component (inverted pendulum,
ZMP = CMP), the ZMP and CM projection are important ground reference points,
whereas for the moment force component, the ZMP and CMP ground points are
key indicators. In our test, given that the ZMP is inside the support base, and the
CM starts outside the support envelope with zero velocity, it is not possible that the

In
t. 

J.
 H

um
an

. R
ob

ot
. 2

00
8.

05
:6

39
-6

78
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

A
SS

A
C

H
U

SE
T

T
S 

IN
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

07
/1

0/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.



January 3, 2009 13:0 WSPC/191-IJHR 00160

674 M. Vukobratović et al.

CM can be brought back over the support base without the purposeful generation
of angular momentum about the CM. This is indicated by the fact that the CMP
is initially divergent from the ZMP, moving outside the base of support. However,
once the CM ground projection point was brought back within the support base,
horizontal CM forces were applied primarily by an inverted pendulum, zero-moment
strategy (ZMP = CMP). Throughout the entire movement task, the stance foot
remained dynamically balanced and therefore did not rotate with the ZMP always
positioned well inside the base of support.
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